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0.1 Who should read this document?
If you plan on participating in alt.algebra.help you are encouraged to read this document. Reading thisdocument just might answer your question before you even ask it, and will also inform you of a few otheruseful things such as how to represent mathematical expressions, what types of topics can be discussed, etc.Not reading it will not cause the end of the world, but it may result in someone having to repeat somethingthat has already been discussed ad in�nitum, asking for clari�cation of your notation, or referencing you backto this document.Lurkers may bene�t from the document as well.
0.2 Introduction
This is the frequently asked questions document for the newsgroup alt.algebra.help, last updated March24, 2008. As the title suggests, the primary purpose of this document is to provide answers to frequently askedquestions. Also included are some basic guidelines of participation. These guidelines are not intended to beformal rules that in any way govern the newsgroup. They serve only to identify what have come to be acceptedas norms. In this spirit, it will be nice if you attempt to follow these guidelines. Doing so may result in a moreenjoyable visit. Not doing so may result in a less enjoyable visit. That's all.If you are a newcomer to Usenet, see the newsgroup news.announce.newusers for general information. Youcan get newsgroup access at Giganews Newsgroups (http://www.giganews.com). Also worth looking at is thenewsgroup news.newusers.questions, which also has a website athttp://www.anta.net/misc/nnq/. These resources, and many others, contain an abundance of information fornewcomers to the Usenet community.Contributions or suggestions for this document are welcome at aah@ryan-usa.com. Please do not use thisaddress to ask for help with algebra; that's what the newsgroup is for. Such email will be returned to sender,or simply ignored.
0.3 Available �le formats of this FAQ
This document is currently available in the following formats:

� HTML, located at http://aah.ryan-usa.com/� PDF, located at http://aah.ryan-usa.com/aah.pdf� DVI, located at http://aah.ryan-usa.com/aah.dvi
The HTML version of this document will produce less than ideal quality hard copy, especially of pages contain-ing graphical expressions (e.g. the sections on typing mathematical expressions, frequently asked questions,and reference.) The HTML version has been optimized for fast loading into a browser, not for good qualityprintouts. For printing, you will be much better served to download the .pdf or .dvi.

news:news.announce.newusers
http://www.giganews.com
news:news.newusers.questions
http://www.anta.net/misc/nnq/
mailto:aah@ryan-usa.com
http://aah.ryan-usa.com/
http://aah.ryan-usa.com/aah.pdf
http://aah.ryan-usa.com/aah.dvi
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0.4 Revision history

� March 24, 2008{ Updated the Introduction.{ Added restrictions to the laws of exponents and radicals.{ Updated the Inverse Trigonometric Functions page.� July 17, 2006{ Updated the links page.� November 14, 2005{ Corrected a typographical error. No new or updated material.� May 31, 2005{ Added a Reference Center containing common facts and formulas.{ Added \Is de�ned to be equal to" to the Basic Operations, Relations page.� May 20, 2003{ URL changed to http://aah.ryan-usa.com/.{ Added section \Can I post the same question to other newsgroups in addition to alt.algebra.help?"{ Removed section \Needed contributions."� October 21, 2002{ Added section \Where does the Quadratic Formula come from?"{ Minor format changes to the PDF.� October 7, 2002{ Added section on needed contributions{ Added section on importance of parentheses{ Added section on order of operations{ Added section \Is �12 equal to 1 or -1?"{ Minor updates to tables on how to type expressions{ Minor verbiage modi�cations throughout{ General Guidelines section now included in periodic posting to alt.algebra.help, alt.answers, news.answers� January 10, 2002{ Initial document.

node3.html
node42.html
node43.html
node76.html
node24.html
node38.html
node17.html
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0.5 Copyright notice and credits
Except where speci�cally noted otherwise, this document is Copyright c
 2002-2008 Darrell Ryan (aah@ryan-usa.com). You may reproduce and distribute all or parts of this document for personal use only, subject to thefollowing conditions:

� No fee is charged or collected. Any party wishing to distribute this document or any part thereof inexchange for a fee, must receive written permission from the copyright holder before doing so. Suchpermission, if granted, may involve a fee determined by and payable to the copyright holder. Partiesthis applies to include, but are not limited to, those wishing to include the contents of this document, inwhole or in part, in a \FAQ collection" to be sold.� It is not used commercially without written permission from the copyright holder.� This copyright notice is included.� The content is not altered in any way.� No on-line copies are made (i.e. not \hosted" on other servers.) This is to encourage on-line use ofonly the most current revision which is located at http://aah.ryan-usa.com/. If you wish to refer tothis document in an on-line medium, providing a hypertext link is more appropriate than maintaining aredundant (and possibly outdated) copy.A subset of this document is located in the FAQ archives at MIT and authorized mirror sites, and addi-tionally posted periodically to alt.algebra.help and *.answers. These on-line copies are authorized.
All other rights are reserved.
0.5.1 Credits
Thanks to these people for their suggestions:

� David W. Cantrell� Doug Magnoli� Mark Thakkar� Bob Bruner� Brian M. Scott� William Elliot� Ron Verrall� Vincent Johns� R. Dan Henry
. . . and a special thanks to Joe Chacko, who wrote the original FAQ upon which this document was inspired.

mailto:aah@ryan-usa.com
mailto:aah@ryan-usa.com
http://aah.ryan-usa.com/
ftp://rtfm.mit.edu/pub/usenet-by-group/alt.algebra.help/guidelines-FAQ
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1.1 Who should use alt.algebra.help?
Anyone seeking (or providing) help with any topic related to algebra. This may include students, parents,tutors, teachers, or anyone else having an interest in algebra. This newsgroup is not moderated, so variousothers who have no business here (e.g. spammers,) will also post articles asking for help of a di�erent kind.Ignore them, kill�le them, report them to a proper authority, do whatever you wish with them{but please donot respond to them in the newsgroup. Doing so only further decreases the signal-to-noise ratio.
1.2 What can be discussed on alt.algebra.help?
As the name implies, alt.algebra.help exists primarily for the purpose of seeking help with algebra. Anythingremotely related to algebra in some form or fashion is usually welcome here. Speci�c topics suitable fordiscussion include, but are not limited to, anything covered in a jr. high school, middle school, high school,or undergraduate algebra course, or their equivalent in countries other than the U.S. This does not necessarilymean that only \algebra" in the high school sense of the word is discussed. Other areas of mathematics arealso discussed with varying frequency, e.g. geometry, trigonometry, calculus, probability and statistics, linearalgebra, abstract algebra, and number theory, just to name a few. Educators also share teaching practices andexperiences. Discussions concerning calculators and their (ab)use also occur with some regularity.These are just some of the topics that are suitable for discussion here. While some areas of these subjects (orother higher mathematics) may be better suited for other newsgroups, as a general rule if there is someonelistening here who can help you with your question, chances are they will. And, usually there is someonelistening.
1.3 What general format should my article adhere to?

� For best overall results and readability, try to use a simple �xed-width font (e.g. Courier New). Alsoensure your newsreader is con�gured to post in plain text, not HTML.� Don't ask questions that are too broad, e.g. \Can someone help me with algebra?" Try to narrow yourquestion to the particular topic or process you are concerned with, e.g. \Can someone explain to me theprocess for solving a quadratic equation by factoring?"� Use a descriptive subject line. Readers will have a general idea of what your message pertains to priorto downloading (and having to read) the message body.Don't do:
Subject: HELP!
Do:
Subject: Solving quadratic equations by factoring

� Clearly explain the problem and include speci�c instructions, whether they be to solve, simplify, etc.If possible, try to reproduce the instructions to the problem exactly as they were given to you. Also,consider telling the group the level of math you are at. There may be (err. . . will be) di�erent methods ofapproaching your problem, so if the group knows your particular competency level (grade, course, etc.,)they can formulate a response suitable for that level.



1.3 What general format should my article adhere to? 9
� Place math expressions on a single line if possible. Your expression may not \line up" the same wayon all newsreaders, especially after being quoted multiple times. These problems can be minimized byplacing your expressions on a single line.Don't do:

x+3-----2
Do:
(x+3)/2

� If you need to use multiple lines (e.g. a passage showing the individual steps of solving an equation,listing a matrix, etc.) be sure to always begin each line of the object or passage at the beginning of the\line" in your editor (no preceding spaces,) and end each line with a hard return. In general, anywherethere is a math expression on a line by itself, that line should end with a hard return. Use \in-line"expressions sparingly (math expressions that are side-by-side or interspersed with normal text,) and onlyfor very short expressions that can survive line-wrapping and quoting with minimal distraction to thereader.Don't do:
Here's how I proceeded in solving this equation: x^2 + 5x+ 7 = 1, x^2 + 5x + 6 = 0 ...got 0 on one side, (x+2)(x+3) = 0 ...factored, x = 2, 3. The answer key says thecorrect answers are x = -2, -3. Where did I go wrong?
Do:
Here's how I proceeded in solving this equation:
x^2 + 5x + 7 = 1
x^2 + 5x + 6 = 0 ...got 0 on one side
(x+2)(x+3) = 0 ...factored
x = 2, 3
The answer key says the correct answers are x = -2, -3.Where did I go wrong?

� Be sure to explain the speci�c step(s) you are having trouble with and include your attempt(s), even ifyou know they are wrong. You will receive more useful help if you do this.� Use plenty of parentheses, brackets, etc. if an expression may otherwise be interpreted in more than oneway.Don't do:
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x+3/2
Do:
(x+3)/2 or x+(3/2)
Don't Do:
x^3c+7
Do:
x^(3c) + 7 or x^(3c+7)

For more information, see the section on importance of parentheses.
1.4 Can I post the same question to other newsgroups in additionto alt.algebra.help?
Of course, assuming the subject matter is on-topic for the other newsgroups (consult the FAQ or charter forthe other newsgroups to see.) There is, however, a right way and a wrong way to go about it. The wrongway is to send separate posts to each newsgroup. The right way is to \cross-post," meaning to include allthe newsgroups on the Newsgroups: line of a single post. By cross-posting, replies in one newsgroup willautomatically be sent by default to all the other newsgroups the original post was addressed to. If you don'tcross-post but instead send separate posts to each newsgroup, a reply in one newsgroup is posted just to thatnewsgroup and not the others. This is considered poor netiquette, so please don't do it. Although it maynot bother the original poster, it can be a big inconvenience for those replying to the post. It can be veryfrustrating taking the time and e�ort to post a detailed response, only to learn later the question has alreadybeen answered basically the same way in another newsgroup (perhaps the person does not subscribe to all thenewsgroups). This situation can be avoided by properly cross-posting your question. It's better for the originalposter too, since he need follow only one of the newsgroups to see the responses from all of the newsgroups.Also, you should cross-post to only a very few newsgroups (say, two or three.) Addressing too many newsgroupsmay result in the post being �ltered out by way of a personal kill�le or similar mechanism (for instance, aspam �lter at the server level).
1.5 Can I get (or provide) help with a homework assignment?
If you are a student you can get excellent assistance here, but don't expect too much if you just want someoneto do your homework for you. If you post something like \I need answers to these problems...NOW" or thelike, you will rarely get what you ask for. Several regular contributors are either professional educators, or atthe very least concerned others who enjoy helping others while keeping the muscle between the ears limber.Most would rather help you understand a process, as opposed to just cranking out an answer to your problem.Don't get the wrong impression from the above paragraph. If you are having trouble with a problem on anassignment, or any other algebra problem for that matter, don't hesitate to ask for help. This is what thegroup is for. However, you are more likely to receive useful responses if you explain speci�cally what you do
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not understand about the problem, include your attempt at solving it, and ask for speci�c guidance with theprocess for arriving at the answer. This indicates to potential responders that you have a sincere interest inknowing how to do the problem, as opposed to giving the possible impression that all you want is the answer.Additionally, letting others know speci�cally where you are having trouble will probably lead to a more usefulresponse that is tailored to your needs.If you follow these guidelines, who knows, you might just get the answer as well. Ultimately, it is a decisionmade by the people responding to your inquiry as to how much detail they provide. Some prefer providing justenough detail to steer you in the right direction, for very good reason. Others may o�er more detail, whichmay or may not include the answer to the problem. Even if someone does give you the answer, it is the processyou are expected to focus on. Giving an answer without also giving some explanation of the process certainlydoes not \help," and is rarely seen here. When it does occur it is usually frowned upon, so please think twicebefore giving an answer without any explanation how it was arrived at.
1.6 Can I include binary �les?
This is a \plain text only" newsgroup. Please do not attach binaries. If you want to show the group a graphic,HTML document, or other type of richly formatted content, consider placing it on your web server and pro-viding the URL within your article.
Don't do:
Consider the attached bitmap of the graph of f(x).
Do:
Consider the graph of f(x) at http://www.yourisp.net/~username/graph.bmp



Chapter 2
Typing Mathematical Expressions on
alt.algebra.help

The following tables describe how to type commonly used mathematical expressions in plain text, along withusage examples (including the typeset equivalent.) If the expression you need is not listed, please de�ne yourown and explain the meaning of your notation. Some of the content of these tables is taken or derived fromJoe Chacko's FAQ of 31 July 1996, with permission.
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2.1 Commonly used letters
This table describes how to type commonly used letters, along with usage examples (including the typesetequivalent.) If the expression you need is not listed, please de�ne your own and explain the meaning of yournotation. Expression Description Examplesx A variable, or unknown. The let-ter x is used most commonly for anunknown, although there are a fewconventions, as follows, for otherletters. Try to use only lowercaseletters for variables wherever pos-sible. Uppercase letters are manytimes used for matrices, sets, andother things.

Let x be the number of tickets soldfor the event. . .
Let x be the number oftickets sold for the event...

x,y Real numbers. Let x and y be any two realnumbers. . .
Let x and y be any two realnumbers...u,v Vectors. For vectors u = ha; bi andv = hc; di : : :
For vectors u=<a,b> andv=<c,d>...n Natural number. If true for n, prove true for n+1 : : :
If true for n, prove truefor n+1...q,r Rational numbers. For all rational numbers q and r : : :
For all rational numbers qand r...i The imaginary unit, i. i2 = �1
i^2 = -1z Complex number. Let z be a complex number of theform x+ iy : : :
Let z be a complex numberof the form x+iy...
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Expression Description Examplesf,g,h Functions. Let f be a function de�ned byf(x) = x3:

Let f be a function definedby f(x)=x^3.e The constant e, the base of the nat-ural logarithm. lnx = loge xln(x) = log e (x)Greek letters In most cases, the intended \case"of a Greek letter can be inferredfrom the context.
�; �; 
; �; �; �, etc.
alpha, beta, gamma, delta,epsilon, theta, etc.To explicitly indicate the upper-case, type the �rst letter in upper-case.
�; �; �; �; �; �; �, etc.
Gamma, Delta, Theta, Lambda,Xi, Pi, Sigma, etc.

2.2 Basic operations, relations
This table describes how to type basic operation and relation symbols, along with usage examples (includingthe typeset equivalent.) If the expression you need is not listed, please de�ne your own and explain the meaningof your notation.Expression Description Examples+ Addition 2 + 3 = 5

2 + 3 = 5- Subtraction / Negation 2� 3 = �1
2 - 3 = -1* Multiplication 2� 3 = 62 � 3 = 6
2 * 3 = 6Note|Multiplication is also im-plied by juxtaposition. xy = x � y3x = 3 � x
xy = x*y3x = 3*x
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Expression Description Examples/ Division 42 = 24� 2 = 2

4/2 = 2= Equal x = 1
x = 1:= Is de�ned to be equal to � � CD� �= CD� := CD
pi := C/D~ Approximately equal � � 227pi ~ 22/7<>

or
!=

Not equal 4 6= x+ 2; for x 6= 2
4 <> x+2, for x <> 24 != x+2, for x != 2

> Greater than 4 > 2
4 > 2< Less than 2 < 4
2 < 4>= Greater than or equal 2 + x � 4; for x � 2
2+x >= 4, for x >= 2=< Less than or equal 4 � x+ 2; for 2 � x
4 =< x+2, for 2 =< x+/- Plus or minus. Indicates the posi-tive and negative. x = �1 ) x2 = 1
x = (+/-)1 ==> x^2 =1^ Exponentiation 22 = 4
2^2 = 4
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Expression Description Examplessqrt() Denotes the principal (nonnega-tive) square root of the contents of().

Use +/- to denote both roots.

p4 = 2�p4 = �2
sqrt(4) = 2(+/-)sqrt(4) = (+/-)2cbrt(m) Denotes the cube root of m 3p8 = 2
cbrt(8) = 2[n]root(m) Denotes the nth root of m 5p32 = 2
[5]root(32) = 2! Factorial 3! = 3� 2� 1
3! = 3*2*1: to (ratio) The ratio of boys to girls is4:5|x|

|z|, mod z
|v|

This notation is used for severalrelated concepts.
For a real number x it denotesthe absolute value of x, where|x|=sqrt(x^2).
For a complex number z=x+iyit denotes the modulus ofz (so does mod z), where|z|=sqrt(x^2+y^2).
It also denotes the length, ornorm, of a vector v=<x,y>, where|v|=sqrt(x^2+y^2).
The norm of v can also bedenoted by ||v||, as described ina later table.

j�7j = 7
z = 2� 3i; jzj = p13
v = h�5; 12i; jvj = 13.
|-7| = 7
z=2-3i, |z|=sqrt(13)
v=<-5,12>, |v|=13

arg(z) For a complex number of the formz = r[cos(theta)+i*sin(theta)],denotes the argument of z wherearg(z)=theta.
z = 2(cos �3 + i sin �3 )arg z = �3z=2[cos(pi/3)+i*sin(pi/3)]arg(z) = pi/3
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Expression Description Examples[[x]]

or
floor(x)

Denotes the greatest integer of x(also called floor x), where[[x]] = the largest integer � x:
[[[[[[� 3:2]]]]]] = �4[[[[[[3:2]]]]]] = 3b�3:2c = �4b3:2c = 3
[[-3.2]] = -4[[3.2]] = 3floor(-3.2) = -4floor(3.2) = 3| Divides 2j4
2|4 (2 divides 4)==> Implies x � 4) x > 2
x >= 4 ==> x > 2<== Is implied by x > 2( x � 4
x > 2 <== x >= 4<==>

or
iff

Implies and is implied by.
If and only if.

x = 2 () 2x = 4
x = 2 <==> 2x = 4x = 2 iff 2x = 4

2.3 Logarithms
This table describes how to type logarithmic expressions, along with usage examples (including the typesetequivalent.) If the expression you need is not listed, please de�ne your own and explain the meaning of yournotation. Expression Description Examplesln(x) The natural logarithm, base e, of x. lnx = y () ey = x

ln(x)=y <==> e^y=xlog(x) The common logarithm, base 10, ofx. log x = y () 10y = x
log(x)=y <==> 10^y=xlog b(x) The logarithm, base b, of x. logbx = y () by = x
log b(x)=y <==> b^y=x
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2.4 Trigonometric and hyperbolic functions
This table describes how to type trigonometric and hyperbolic functions, along with usage examples (includingthe typeset equivalent.) If the expression you need is not listed, please de�ne your own and explain the meaningof your notation.Expression Description Examplessin(x) cos(x) tan(x)csc(x) sec(x) cot(x) The trigonometric functions,x in radians unless otherwisestated.

sin �2 = 1cos �4 = p22sin(pi/2)=1cos(pi/4)=[sqrt(2)]/2arcsin(x) arccos(x), etc.
or
sin^-1(x) cos^-1(x), etc.

The inverse trigonometricfunctions. arcsin 1 = �2arccos p22 = �4arcsin(1)=(pi/2)arccos[sqrt(2)/2]=(pi/4)sinh(x) cosh(x) tanh(x)csch(x) sech(x) coth(x) The hyperbolic functions. sinhx = ex�e�x2coshx = ex+e�x2sinh(x)=(e^x - e^-x)/2cosh(x)=(e^x + e^-x)/2sinh^-1(x) cosh^-1(x), etc. The inverse hyperbolic functions. sinh^-1(x)=ln[x+sqrt(x^2+1)]
cosh^-1(x)=ln[x+sqrt(x^2-1)]

2.5 Calculus
This table describes how to type calculus expressions, along with usage examples (including the typeset equiv-alent.) If the expression you need is not listed, please de�ne your own and explain the meaning of yournotation. Expression Description Examplesfa ng =fa 1,a 2,...,a n,...g An in�nite sequence. f3 + (�1)ng= f2; 4; 2; 4; � � � g

f3+(-1)^ng= f2,4,2,4,...g



2.5 Calculus 19
Expression Description Examplessum[n=1,oo] a n= a 1+a 2+...+a n+... An in�nite series. 1X

n=1 12n = 12 + 14 + 18 + � � �
sum[n=1,oo] 1/(2^n)= (1/2)+(1/4)+(1/8)+...lim x-->c f(x) Limit of f(x) as x approaches c. limx!0x2 = 0
lim x-->0 (x^2) = 0dx , dy Di�erentials.

The di�erential of x.The di�erential of y.
dxdy
dxdyy' y prime. The �rst derivative of y. y = x2y0 = 2x
y=x^2y'=2xy'' The second derivative of y. y = x2y00 = 2
y=x^2y''=2y''' The third derivative of y. y = x2y000 = 0
y=x^2y'''=0f'(x) f prime of x, the �rst derivative off. f(x) = x2f 0(x) = 2x
f(x)=x^2f'(x)=2xf''(x) The second derivative of f. f(x) = x2f 00(x) = 2
f(x)=x^2f''(x)=2
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Expression Description Examplesf^(n)(x) Higher order derivatives. The nthderivative of f. f(x) = x3f (4)(x) = 0

f(x)=x^3f^(4)(x)=0dy/dx
d/dx[f(x)]

Another commonly used notationfor derivatives. The �rst is read\the derivative of y with respect tox."
y = x2dydx = 2xddx [x2] = 2x
y=x^2dy/dx = 2xd/dx[x^2] = 2x(d^2y)/(dx^2) The second derivative of y with re-spect to x. y = x2d2ydx2 = 2
y=x^2(d^2y)/(dx^2) = 2(d^ny)/(dx^n) Higher order derivatives. The nthderivative of y with respect to x. y = x3d4ydx4 = 0
y=x^3(d^4y)/(dx^4) = 0pz/px

p/px [f(x,y)]
Partial derivatives. The �rst is read\the partial of z with respect to x." z = x2 + xy@z@x = 2x+ y@@xhx2 + xyi = 2x+ y

z = x^2 + xypz/px = 2x+yp/px [x^2 + xy] = 2x+yF An antiderivative of f. f(x) = 3x2F (x) = x3
f(x) = 3x^2F(x) = x^3int(f(x)) dx Inde�nite integration. Z x2 dx = x33 + C
int(x^2) dx= (x^3)/3 + C
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Expression Description Examplesint[a,b](f(x)) dx De�nite integration. Z 20 x2 dx = x33 �20

= 83
int[0,2](x^2) dx= (x^3)/3 [0,2]= 8/3int[a,b]int[c,d]( f(x,y) )dydx Multiple integration.A double integral, in this case. Z 10

Z 20 (x+ y) dy dx
Z �20

Z 2 cos �0 r dr d�
int[0,1]int[0,2] (x+y) dydx
int[0,(pi/2)]int[0,2cos(theta)] r drd(theta)

2.6 Matrices, vectors, and miscellaneous
This table describes how to type matrices, vectors, and other miscellaneous expressions, along with usageexamples (including the typeset equivalent.) If the expression you need is not listed, please de�ne your ownand explain the meaning of your notation.Expression Description Examples
[A B C][D E F][G H I]

A matrix. Enclose each row within[ ].
24 2 1 04 7 32 0 1

35
[2 1 0][4 7 3][2 0 1]

-->PQ A vector, with initial point P andterminal point Q. *PQ
-->PQ
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Expression Description Examplesu = <x,y>v = <x,y> Vectors u and v in componentform.

Component form is de�ned withinitial point at the origin, andterminal point (x,y).

v = h�5; 12i
v = <-5,12>

||v|| The norm, or length, of vector v. Ifv = hv1; v2i; kvk =pv 21 + v 22 If v = h�5; 12i; kvk = 13
If v = <-5,12>, ||v|| = 13u dot v

or
u . v

Dot product. Only use u . v ifthere can be no ambiguity with aperiod or decimal point.
u � v
u dot vu . v

u cross v
or
u x v

Cross product. Only use u x v ifthere can be no ambiguity with theletter x or the ordinary multiplica-tion operator.
u� v
u cross vu x v

oo, -oo Positive in�nity, negative in�nity limx!�1x2 =1
lim x-->-oo x^2 = oo



2.7 Importance of using parentheses on alt.algebra.help 23
2.7 Importance of using parentheses on alt.algebra.help
Although incorrect, it is not uncommon on alt.algebra.help for someone to transcribe something similar inform to x+1x�1 as:
x+1/x-1.
Since this is a fairly common issue, many will ask, \Do you mean x+(1/x)-1 or do you mean (x+1)/(x-1)? Inother words, it will not necessarily be assumed by everyone that what is written is what actually is intended.Let x = 2. Does the above properly evaluate to 3 as intended? Division (denoted by /) has precedence overaddition and subtraction, therefore this expression is properly evaluated by performing the division 1 � 2,adding the result to 2, then subtracting 1 from that result, resulting in 32 . In many cases, this is not what isintended when the statement is \written" on alt.algebra.help. Even if it was the intention, many here willask for clari�cation if not otherwise clear from the context.If x+1x�1 is intended, it is necessary to use parentheses when transcribing this and similar expressions onalt.algebra.help. The original fraction can be clearly, and properly, transcribed as:
(x+1)/(x-1).
Not only does this properly evaluate as intended, it also erases any reasonable doubt one may otherwisehave of your intention.What if your intention really is x+1/x-1? Although not technically necessary, it is highly recommended thatyou use parentheses, as in:
x+(1/x)-1.
The liberal use of parentheses here not only adds clarity but also indicates this really is your intention,and should prevent others from asking for clari�cation.Similar issues arise while transcribing expressions involving exponents. For example, it would be incorrect totranscribe what appears as xy+1 by writing:
x^y+1.
This is really saying, \Raise x to the power of y, then add 1," which is considerably di�erent from whatxy+1 is saying. What we really want to say is, \Raise x to the y+1 power." This can be properly transcribedas:
x^(y+1).
What if your intention really is x^y+1? Depending on the context it may add clarity if you use parenthesesanyway, as in:
(x^y)+1.
The liberal use of parentheses here not only adds clarity but also indicates this really is your intention,and should prevent others from asking for clari�cation. Note that in some contexts the intent is clear evenwithout parentheses, as in:
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ax^2+bx+c=0.
Here, it is clear from the context (standard quadratic form) that we de�nitely do not intend:
ax^(2+bx+c)=0
...but rather ax^(2) + bx + c = 0.Note that it is possible to overdo it. For example, it doesn't add any clarity to write:
x^([(y)+1])
...as opposed to x^(y+1). Rather, the super
uous parentheses and brackets can arguably distract the reader.In short, use parentheses and brackets if needed to make your intent clear. Otherwise, readers of your questionmay make certain assumptions that may be inaccurate, or may need to ask for clari�cation. Either may delaya useful answer to your question.



Chapter 3
Frequently Asked Questions
The primary purpose of this FAQ is not to teach anyone mathematics|that's what the newsgroup is for. Itwould be unfortunate if the majority of replies in this newsgroup were reduced to a mere reference to a FAQ.However, there are certain questions that have been discussed ad in�nitum that deserve some mention here.After all, that's what a FAQ is for|frequently asked questions.
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3.1 Does anyone know of a good math website?
Of all frequently asked questions, this one is probably the most frequently asked. There are plenty of sitesaround that have tutorials and other information on algebra and other math. Here are a just a few to get youstarted. Most have links to many other sites.

� MathWorld (http://mathworld.com.) A comprehensive on-line mathematics encyclopedia by Eric Weis-stein.� S.O.S. MATHematics (http://sosmath.com), by MathMedics. Review material ranging from algebra todi�erential equations.� Purplemath (http://purplemath.com), by Elizabeth Stapel. Practical algebra lessons, links, and more.� The Mathematical Atlas (http://www.math-atlas.org/welcome.html): a gateway to the �elds of modernmathematics.� Frequently Asked Questions in Mathematics (http://www.cs.uwaterloo.ca/~alopez-o/math-faq/), a.k.athe sci.math FAQ.� Euclid's Elements (http://aleph0.clarku.edu/~djoyce/java/elements/elements.html.) David E. Joyce makesthe Elements come alive with Java.� The MacTutor History of Mathematics (http://www-groups.dcs.st-and.ac.uk/~history.)� Interactive Real Analysis (http://web01.shu.edu/projects/reals.)� The Math Forum @ Drexel (http://mathforum.org.) Home of Ask Dr. Math, Teacher2Teacher, andseveral other goodies. Contains links to many sites providing lessons in mathematics, and links formathematics software.� The Mathematics Archives (http://archives.math.utk.edu), at the University of Tennessee. A collectionof math resources on the web, not only for students but for educators and mathematicians as well. Alsocontains a collection of math software.� Visual Calculus (http://archives.math.utk.edu/visual.calculus.) Incorporates technology (interactive Javascript,LiveMath, etc.) as a supplement to text based tutorials. Topics range from pre-calculus to 2nd semestercalculus.� Karl's Calculus Tutor (http://karlscalculus.org), by Karl Hahn. Detailed, easy to follow explanations ofmany calculus topics. Discussion forum.
3.2 Does anyone know where I can �nd math software?
The Mathematics Archives (http://archives.math.utk.edu/software.html) at the University of Tennessee. Manyfreeware/shareware titles, plus demo versions of commercial packages. Contains a large list of links to othermath related software sites.

http://mathworld.com/
http://sosmath.com/
http://purplemath.com/
http://www.math-atlas.org/welcome.html
http://www.cs.uwaterloo.ca/~alopez-o/math-faq/
http://aleph0.clarku.edu/~djoyce/java/elements/elements.html
http://www-groups.dcs.st-and.ac.uk/~history
http://web01.shu.edu/projects/reals
http://mathforum.org/
http://archives.math.utk.edu/
http://archives.math.utk.edu/visual.calculus/
http://karlscalculus.org/
http://archives.math.utk.edu/software.html
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3.3 Why does a negative times a negative equal a positive?
Short answer: We make it this way because it makes life easier. For example, consider the distributive propertythat we have all grown to love:

a(b+ c) = ab+ acIf a negative times a negative were to equal a negative, this property would not hold for negative numbers,which is a bad thing. Let a = �1; b = 1; c = �1 and (�1)(�1) = �1:
�1(1 +�1) = (�1)(1) + (�1)(�1)�1(0) = �1 +�10 6= �2

For a longer answer, see this Ask Dr. Math FAQ entry (http://mathforum.org/dr.math/faq/faq.negxneg.html).
3.4 Is �12 equal to 1 or -1?
Short answer: It's -1, since exponentiation takes precedence over the implied multiplication (see the sectionon order of operations.)Long answer: For some, that simple explanation is lacking because they argue it is the quantity -1 that isbeing squared, as opposed to 1 that is being squared then multiplying the result by -1. A good question to askthose making this claim is, \Why do you associate the negative sign with just the 1, as opposed to associatingthe negative sign with 12?" Then, it usually becomes clear. Claiming the negative sign is somehow \attached"to just the 1, then squaring this quantity (yielding 1,) is the same as claiming the implied multiplication hasa higher precedence than the exponentiation. The order of operations agreement makes clear that in fact theopposite is true|exponentiation has a higher precedence than multiplication.Another way of interpreting �12 is 0 � 12. The negative sign denotes subtraction here. This is a perfectlylegitimate interpretation, and the order of operations agreement tells us this is still -1 because exponentiationtakes precedence over subtraction. However, it is worth noting that subtraction is usually de�ned in terms ofaddition of the negative quantity. Looking at it this way, this is really the same argument given in the previousand following interpretations.Yet another way of interpreting the negative sign in �12 is that it denotes the unary operation of negation.In the most commonly used order of operations agreement, unary operations are not speci�cally mentionedsince they are usually thought of as being implied by the binary operations, e.g. the unary operation ofnegation is thought of as being equivalent to the binary operation of multiplying by -1. It is worth men-tioning that some alternative order of operations agreements actually do give unary operators higher prece-dence than binary operators. One example of such an agreement is the one implemented in Microsoft Excel(http://support.microsoft.com/support/kb/articles/q132/6/86.asp).So, technically, it depends on the context (i.e. what convention is in place) as to whether �12 is 1 or -1. Asexplained above, using the most common order of operations agreement, �12 is perfectly unambiguous. It's-1, period. However, it is important to realize that any potential confusion should be avoided wherever it canbe foreseen. On this forum, as a practical matter, it wouldn't hurt to express �12 as something like -(1^2)wherever it is feasible to do so for the simple reason that someone may �nd the former to be unclear. Perhaps

http://mathforum.org/dr.math/faq/faq.negxneg.html
http://aah.ryan-usa.com/node31.html
http://support.microsoft.com/support/kb/articles/q132/6/86.asp
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they use Excel extensively :-) or they do not always assume what you literally type is what you literally mean(which, BTW, is often the case on alt.algebra.help).In short, �12 = �1 in most contexts, especially in the context of \algebra," since most use an order ofoperations consistent with the one listed in this FAQ, unless advised explicitly on a case-by-case basis that adi�erent agreement is in use.
3.5 What's wrong with this proof of 1 = 2?
Obviously 1 does not equal 2, but this \proof" is discussed from time to time:

a = bab = b2 Multiply both sides by b.ab� a2 = b2 � a2 Subtract a2 from both sides.a(b� a) = (b+ a)(b� a) Factora = b+ a Divide both sides by b� a.a = 2a Since b+ a = 2a.1 = 2 Divide both sides by a.
The erroneous step was dividing both sides by b� a, which was dividing by 0 since a = b, b� a = 0. Thereare other (equally invalid) ways to prove 1 = 2.
3.6 What's wrong with this proof of 1 = -1?
You may also come across proofs of 1 = �1, such as. . .

�1 = �1�11 = 1�1r�11 =r 1�1 Take the square root of both sides.p�1p1 = p1p�1 Since rab = papb .i1 = 1i Since i = p�1.i2 = 1 Cross-multiply�1 = 1 Since i2 = �1.
The erroneous step was assuming pab = papb always holds when a or b is negative. An argument can be madethat while taking the square root of both sides, the \negative" root was not considered, else we would haveconcluded �1 = �1 to be valid and �1 = 1 to be invalid, i.e. extraneous. The aforementioned erroneousassumption is the reason �1 = 1 is extraneous.

http://aah.ryan-usa.com/node31.html
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3.7 Is :99 equal to 1?
Discussions (sometimes quite colorful) regarding the equation :99 = 1 seem to pop up from time to time incertain mathematics newsgroups, including alt.algebra.help. These are some of the more common questionsand answers.(Q1) No matter how many decimal places one cares to expand it, it's always going to be less than 1. You tellme how many digits to carry it out, and I'll tell you what the di�erence is between that and 1. Doesn't thisimply they are not equal?(A1) If I tell you any particular decimal place to carry out the expansion (no matter how many digits thatmay be) then true, the result will always be less than 1. However, we wouldn't be talking about :99 anymore,but rather something else entirely that has the form :9999 : : : 9, where . . . could be any �nite number of nines(regardless of how many that may be,) followed by a �nal terminating 9. This is not equivalent to :99, whichhas no such terminating position. The pattern repeats inde�nitely, which is the very meaning of the overbar inthe expression. The decimal expansion never ends. Realize, if there is to be a \di�erence" between :99 and 1then we could equate :99 to :9999 : : : 9 by specifying an appropriate number of digits in : : :. In other words, itwould be a terminating decimal. This is a contradiction, since the expression :99 by de�nition (of the overbar)is a repeating decimal.(Q2) Could it be that a real number between :99 and 1 does in fact exist, but we just don't know how toproperly describe it with decimal notation?(A2) If such a number exists, it could certainly be described to some extent as a decimal, since all real numbershave decimal expansions that either:

� terminate, e.g. 12 = :5, 12100 = :12� do not terminate but contain some pattern that repeats inde�nitely, e.g. 79 = :77, 911 = :81� neither terminate nor contain any repeating pattern, e.g. p2 = 1:4142135 : : : , � = 3:1415926 : : :.
Such a number (between :99 and 1) would clearly have a decimal expansion of the form :999 : : : (something).First, if it terminated anywhere it would certainly be less than 1 (as desired) but it would also necessarilybe less than :99, since :99 is greater than anything of the form :999 : : : 9 for any number of digits in : : :, aswas explained in (A1). Therefore, such a number would not be between :99 and 1. Second, if such a numberdid not terminate but repeated, then it would be of the form :999999 which is, well, equal to :99, hence notbetween :99 and 1. Finally, if such a number neither terminated nor repeated, then some of the digits in thedecimal expansion must be less than 9, meaning this number would be less than :99, hence not between :99and 1. Since all three cases have been ruled out, we conclude that no such real number exists that is between:99 and 1, therefore they must be the same number.(Q3) Isn't the di�erence between :99 and 1 something like :0000000001 ?(A3) That is not a valid expression for a real number. The repeating pattern 000 means you would never getto the terminating 1, so if this expression was any number at all|and I'm not saying it is|it would have tobe 0 since :000000 = 0. Furthermore, if the di�erence between two real numbers is 0, then they are in fact thesame number (a = b () a� b = b� a = 0:)(Q4) I have seen some rather simple algebraic proofs that show :99 = 1. Are they valid, and if not where dothey break down?(A4) Although not formal proofs, they are indeed valid demonstrations. The assumptions they rely on can beproven, with appropriate methods, to be valid (including the assumptions made in A1-A3.)
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x = :9910x = 10(:99)10x = 9:9910x� x = 9:99� :999x = 9x = 1
One assumption made here is that it is indeed legal to move the decimal point over one position when multi-plying such a repeating decimal by 10, just like you would a terminating decimal.Another simple demonstration relies on the assumption that 13 is equal to :33. Many who are at �rst skepticalof :99 = 1 seem to have no problem understanding that :33 = 13 , perhaps because it is easily veri�ed with longdivision:

3 .333. . .�1.000. . .91091091

and so on . . .

So we have :33 = 13 . Multiplying both sides of this equation by 3 yields :99 = 1. But for that matter, we cansimply divide 1 by itself and draw the same conclusion. . .
1 .999. . .�1.000. . .91091091

and so on . . .

Don't be too quick to assume a logical fallacy here. Although it is certainly true that 1 goes into 1.0 1.0 times,it is also true that 1 goes into 1.0 .9 times with a remainder of .1. Then, 1 goes into .10 .09 times with aremainder of .01, and so forth. Of course this is not the standard way long division is usually performed, butit is valid nonetheless.(Q5) What's all this I hear about series? What does a series have to do with :99 ?(A5) Using an in�nite sum (a.k.a. series) is a more appropriate method of proving :99 = 1. A series isbasically a never ending addition problem, so :99 can be represented by the series::9 + :09 + :009 + :0009 + � � �
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which is the same as . . . 910 + 9100 + 91000 + 910000 + � � �This expression is a direct result of the very meaning of the base 10 number system that we all learned inschool (think place value.) Examining this expression, we can easily see a pattern. Each numerator is 9 andeach denominator is a successive power of 10 (101; 102, etc.). Using Sigma notation we have:1X

n=1 910n
Not all series actually have a sum. Those that do are said to converge while those that do not are said todiverge. Convergent and divergent series are de�ned as follows:For the in�nite series �an, the nth partial sum is given by:Sn = a1 + a2 + � � �+ anIf the sequence of partial sums fSng converges to L, then the series �an converges and L is called the sumof the series. If fSng diverges, then the series diverges.In other words, the sum of an in�nite series is equal to the limit of its nth partial sum, if this limit exists (ifit does not exist, the series has no sum.) Also, an in�nite sequence converges to L if the limit of its nth termis L. Furthermore, the sum of the series is also equal to L. Using the de�nition, we can directly prove :99 = 1.Let's take some partial sums:

S1 = 910S2 = � 910 + 9100� = 99100S3 = � 910 + 9100 + 91000� = 9991000S4 = � 910 + 9100 + 91000 + 910000� = 999910000
A pattern is easily recognizable that lets us generalize the nth partial sum. The denominators of the partialsums are successive powers of 10. The numerators are all 1 less than the denominator, so we can write the nthpartial sum as: Sn = 10n � 110nAccording to the de�nition, the series P1n=1 910n will converge to limn!1 10n�110n , if the limit exists. The limitindeed exists (it's 1, proof omitted) and we conclude that:

:99 = 1X
n=1 910n = limn!1 10n � 110n = 1

At this point, it is inevitable that someone will argue something to the e�ect of, \just because that limit is 1doesn't necessarily mean the sum of the series is 1 because it is well known that things don't have to equal
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their limit value." But this line of reasoning is invalid, since the very de�nition of convergent series tells usthis limit is the sum of the series.Of course, we don't necessarily have to use the de�nition each and every time we need to �nd the sum of aseries. There are various formulas that we can use to �nd the sums of certain types of series. In our case, youmay recognize P1n=1 910n as a geometric series with a �rst term a of 910 and a ratio r of 110 . If 0 < jrj < 1, ageometric series will converge. Furthermore, it will converge to the sum:1X

n=0 arn = a1� r 0 < jrj < 1
Letting a = 910 ; r = 110 we have:

:99 = 1X
n=0

� 910�� 110�n = 9101� 110 = 910� 1 = 99 = 1
Some Final Thoughts.
Since all repeating decimals are rational numbers, :99 itself is a rational number. But which rational numberis it? Is it 9991000? Is it 9999991000000? Is it 999999999999910000000000000? It can be none of these, even if you carry the pattern out asfar as you like, because they all have decimal representations that terminate. So, how can we easily convert notonly :99, but any repeating decimal into its fractional form? One commonly used method to accomplish thisis to divide the part that repeats (the period) by the same number of nines as there are digits in the period.This will become clear with a few examples, that are easily veri�able with long division:

� :33 has a period consisting of one digit. Dividing this one digit by one nine yields 39 which simpli�es to13 .� :77 has a period consisting of one digit. Dividing this one digit by one nine yields 79 .� :81 has a period consisting of two digits. Dividing these two digits by two nines yields 8199 which simpli�esto 911 .� :857142 has a period consisting of 6 digits. Dividing these 6 digits by 6 nines gives 857142999999 which simpli�esto 67 .And �nally, :99 has a period consisting of one digit. Dividing this one digit by one nine yields 99 which simpli�esto 1.
3.8 What is the order of operations?
Because mathematical expressions involving multiple operations could otherwise be evaluated to di�erentvalues by di�erent reasonable people, we have an agreement on the speci�c order in which operations are tobe performed. This assures we will all get the same result when evaluating the same expression, assuming weare using the same agreement.Although alternative agreements do exist (some programming languages and software packages are examples,)it is by and large the following agreement that is most commonly used in a classroom setting and thus theusual convention on alt.algebra.help:
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1. Simplify inside grouping symbols, working from the innermost to the outermost. Grouping symbolsinclude parentheses, brackets, and the fraction bar.2. Simplify powers/roots.3. Perform multiplication/division as they occur from left to right.4. Perform addition/subtraction as they occur from left to right.

Examples:
6� 3 + 23 � 5 = 6� 3 + 8 � 5= 2+ 8 � 5= 2 + 40= 42

(8 + 6)� 7 � 3� 6 = 14� 7 � 3� 6= 2 � 3� 6= 6� 6= 0
�(�3)3 + (�5)2(�8)� 5(3) = �(�27) + (�5)2(�8)� 5(3)= 27� 5�16� 15= 22�31= �2231

3.9 Can you help me understand word problems?
A good discussion of word problems and how to translate them into algebra can be found at the following sites:

� The Ask Dr. Math FAQ (http://mathforum.org/dr.math/faq/faq.word.problems.html).� The Ask Dr. Math Archives (http://mathforum.org/dr.math/tocs/wordproblem.middle.html) also con-tains a long list of speci�c word problems. If you are having trouble with a speci�c word problem, thisis well worth a look. Chances are, a problem very similar to yours will be listed along with the methodof solution.� Purplemath - Your Algebra Resource (http://purplemath.com/modules/translat.htm). Contains expla-nations of several speci�c types of word problems.

http://mathforum.org/dr.math/faq/faq.word.problems.html
http://mathforum.org/dr.math/tocs/wordproblem.middle.html
http://purplemath.com/modules/translat.htm
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3.10 Can you help me understand \grazing animal" problems?
A good explanation of these and other \classic" problems can be found in the Ask Dr. Math FAQ:

� http://mathforum.org/dr.math/faq/faq.grazing.html
3.11 How can I �nd a square root without a calculator?
A good explanation of this can be found in the Ask Dr. Math FAQ:

� http://mathforum.org/dr.math/faq/faq.sqrt.by.hand.html
3.12 Given any date in any year, what day of the week is it on?
This and other interesting \calendar" information can be found in the Ask Dr. Math FAQ:

� http://mathforum.org/dr.math/faq/faq.calendar.html
3.13 Why is division by 0 unde�ned?
A good explanation of this can be found in the Ask Dr. Math FAQ:

� http://mathforum.org/dr.math/faq/faq.divideby0.html
3.14 Where does the Quadratic Formula come from?
The method of completing the square can be used to solve any quadratic equation, i.e. any equation that canbe put in the form ax2 + bx+ c = 0 where a 6= 0. This includes the very equation ax2 + bx+ c = 0 itself. . .

http://mathforum.org/dr.math/faq/faq.grazing.html
http://mathforum.org/dr.math/faq/faq.sqrt.by.hand.html
http://mathforum.org/dr.math/faq/faq.calendar.html
http://mathforum.org/dr.math/faq/faq.divideby0.html
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ax2 + bx+ c = 0ax2 + bx = �c Get the constant term, c, alone on one side.x2 + bax = � ca Since the coe�cient of x2 needs to be 1,divide both sides of the equation by a.x2 + bax+ b24a2 = b24a2 � ca \Complete the square" by squaring half the coe�cient of xand adding the result to both sides. Note that12 � ba = b2a and � b2a�2 = b24a2 :�x+ b2a�2 = b24a2 � ca Factor the perfect square trinomial.�x+ b2a�2 = b2 � 4ac4a2 Rewrite the right hand side as a single fraction.
x+ b2a = �rb2 � 4ac4a2 Take the square root of both sides.
x+ b2a = �pb2 � 4ac2a Since 4a2 = (2a)2.

x = �pb2 � 4ac2a � b2a Subtract b2a from both sides.
x = �pb2 � 4ac � b2a Rewrite the right hand side as a single fraction.
x = �b�pb2 � 4ac2a Rearrange the numerator.
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The Quadratic Formula: The solutions of ax2 + bx+ c = 0, where a 6= 0, are:

�b�pb2 � 4ac2a



Chapter 4
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4.1 Algebra
4.1.1 Arithmetic Operations
For real numbers a; b; c; d such that no denominator is 0:

ab+ ac = a(b+ c) ab + cd = ad+ bcbd a+ bc = ac + bc�ab�� cd� = �ab��dc� = adbc
�ab�c = abc a� bc� = acb

a�bc� = abc a� bc� d = b� ad� c ab+ aca = b+ c

4.1.2 Absolute Value
For real numbers a; b and positive real number k :
jaj � (a; if a � 0�a; if a < 0 Alternatively, jaj � pa2

jaj � 0 j�aj = jaj jaj � jbj = jabj����ab ���� = jajjbj ; b 6= 0 ja+ bj � jaj+ jbj janj = jajn
� jaj � a � jaj jaj � k () �k � a � k| {z }also true if � is replaced by < k � jaj () k � a or a � �k| {z }also true if � is replaced by <jaj = b () a = b or a = �b

4.1.3 Exponents
For nonzero real numbers a; b and integers x; y:a0 = 1 (ab)x = axbx axay = ax+yaxay = ax�y �ab�x = axbx a�x = 1ax
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4.1.4 Radicals
For positive integers m;n and real numbers a; b such that npa and npb are real:pa = a1=2 npa = a1=n am=n = (a1=n)m = (am)1=n = npam

npab = � npa�� npb� nrab = npanpb ; b 6= 0 mq npa = mnpa

( npa)n = a npan = (jaj ; for n evena; for n odd
4.1.5 Factoring
Di�erence of two squares: x2 � y2 = (x+ y)(x� y)Di�erence/sum of two cubes: x3 � y3 = (x� y)(x2 � xy + y2)Di�erence of two fourth powers: x4 � y4 = (x2 � y2)(x2 + y2) = (x+ y)(x� y)(x2 + y2)Perfect square trinomial: x2 � 2xy + y2 = (x� y)2Factoring by Grouping: acx3 + adx2 + bcx+ bd = ax2(cx+ d) + b(cx+ d) = (ax2 + b)(cx+ d)
4.1.6 Factors and Zeros of Polynomials
Let p(x) = anxn + an�1xn�1 + � � �+ a1x+ a0 be a polynomial. If p(a) = 0, then a is a zero of the polynomialand a solution of the equation p(x) = 0. Furthermore, (x� a) is a factor of the polynomial.
4.1.7 Fundamental Theorem of Algebra
An nth degree polynomial has n (not necessarily distinct) zeros. Although all of these zeros may be imaginary,a real polynomial of odd degree must have at least one real zero.
4.1.8 Rational Zero Theorem
If p(x) = anxn+ an�1xn�1+ � � �+ a1x+ a0 has integer coe�cients, then every rational zero of p is of the formx = rs , where r is a factor of a0 and s is a factor of an.
4.1.9 Zero Factor Property
If a and b are complex numbers, with ab = 0; then a = 0 or b = 0 or both.
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4.1.10 Quadratic Formula
If p(x) = ax2 + bx+ c; a 6= 0, then the zeros of p are x = �b�pb2�4ac2a .
4.1.11 Binomial Theorem
(x+ y)2 = x2 + 2x+ y2 (x� y)2 = x2 � 2xy + y2(x+ y)3 = x3 + 3x2y + 3xy2 + y3 (x� y)3 = x3 � 3x2y + 3xy2 � y3(x+ y)4 = x4 + 4x3y + 6x2y2 + 4xy3 + y4 (x� y)4 = x4 � 4x3y + 6x2y2 � 4xy3 + y4
(x+ y)n = xn + nxn�1y + n(n� 1)2! xn�2y2 + � � �+ nxyn�1 + yn
(x� y)n = xn � nxn�1y + n(n� 1)2! xn�2y2 � � � � � nxyn�1 � yn

4.1.12 Distance Formula
The distance between (x1 ; y1) and (x2 ; y2) is:p(x2 � x1)2 + (y2 � y1)2:
4.1.13 Midpoint Formula
The midpoint of the line segment with endpoints (x1 ; y1) and (x2 ; y2) is:�x1 + x22 ; y1 + y22 � :
4.1.14 Slope
The slope m of the line through (x1 ; y1) and (x2 ; y2) is:

m = �y�x = y2 � y1x2 � x1 ; �x 6= 0:
4.1.15 Equations of Lines

� Point-Slope Form: If a line has slope m and passes through the point (x1 ; y1; ) then an equation ofthe line is y � y1 = m(x� x1):� Slope-Intercept Form: If a line has slope m and y-intercept (0 ; b); then an equation of the line isy = mx+ b:
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� Standard Form: Any line has an equation of the form Ax+By = C; where A;B;C are real and A andB are not both 0. A;B;C should share no common factors, e.g. x+ 2y = 4 is preferable to 2x+ 4y = 8:Additionally, some prefer A to be nonnegative.� Vertical Line: An equation of the vertical line passing through (a ; b) is x = a: Vertical lines haveunde�ned slope.� Horizontal Line: An equation of the horizontal line passing through (a ; b) is y = b: Horizontal lineshave slope 0.� Parallel Lines: Two distinct nonvertical lines are parallel if and only if they have the same slope.� Perpendicular Lines: Two lines, neither of which are vertical, are perpendicular if and only if theirslopes have a product of -1, i.e. if a line has slope m, then a perpendicular line has slope �1=m:

4.1.16 Functions
A relation between two sets X and Y is a set of ordered pairs (x ; y); where x is an element of X and y is anelement of Y:Let X and Y be sets of real numbers. A real-valued function f of a real variable x from X to Y is arelation that assigns to each number x in X exactly one number y in Y: The domain of f is the set X: Thecodomain of f is the set Y: The number y is the image of x under f and is denoted f(x): The range of f isa subset of Y and consists of all images of numbers in X: The variable x is the independant variable, andthe variable y is the dependant variable.A function is one-to-one if to each y-value in the range there corresponds exactly one x-value in the domain.f is one-to-one if a 6= b =) f(a) 6= f(b):
Function Composition
Let f and g be functions. The function given by (f � g)(x) = f(g(x)) is called the composite of f with g.The domain of f � g is the set of all x in the domain of g such that g(x) is in the domain of f:
Even/Odd Functions and Symmetry
A function f is even if f(�x) = f(x): Even functions are symmetric about the y-axis. A function f is odd iff(�x) = �f(x): Odd functions are symmetric about the origin.
Inverse Functions

� A function g is the inverse of the function f if f(g(x)) = x for each x in the domain of g, and g(f(x)) = xfor each x in the domain of f: The function g is denoted f�1:� If g is the inverse of f , then f is the inverse of g:� The domain of f�1 is equal to the range of f , and the range of f�1 is equal to the domain of f:� The graph of f contains the point (a ; b) if and only if the graph of f�1 contains the point (b ; a): Inversefunctions are symmetric about the line y = x:� A function possesses an inverse if and only if it is one-to-one.
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Finding the Inverse of a Function:

� Determine whether the function y = f(x) has an inverse. It has an inverse if and only if it is one-to-one.� Solve for x as a function of y:� Interchange x and y: The result is y = f�1(x):� De�ne the domain of f�1 to be the range of f:� Verify that f(f�1(x)) = x and f�1(f(x)) = x:
4.1.17 Logarithms

y = loga x () x = ay loga xy = loga x+ loga y loga xy = loga x� loga yloga xr = r loga x loga a = 1 loga 1 = 0
4.1.18 Combinatorics

� The number of arrangements of n things taken r at a time is P (n; r) = n!(n�r)! :� The number of ways to choose r elements from a group of n elements is �nr � = n!(n�r)!r! :
4.1.19 Probability
For any events E and F :

� 0 � P (E) � 1� P (certain event) = 1� P (impossible event) = 0� P (E0) = 1� P (E)� P (E orF ) = P (E [ F ) = P (E) + P (F )� P (E \ F ):
4.2 Geometry
Some formulas involving common planar �gures and solids can be found here:

� http://www.doe.virginia.gov/VDOE/Assessment/Manipulatives/GEOMETRY BP2003.pdf

http://www.doe.virginia.gov/VDOE/Assessment/Manipulatives/GEOMETRY_{}BP2003.pdf 
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4.3 Trigonometry
4.3.1 Angles and Angle Measure
A geometric �gure consisting of two rays with a common endpoint is called an angle. The common endpointis called the vertex of the angle, and the rays are called the sides of the angle.In the study of trigonometry, it is useful to generalize the concept of angle by letting the vertex coincide withthe origin of the xy plane, and begin by letting both sides coincide with the positive x-axis. One side ofthe angle, called the initial side, remains �xed on the positive x-axis. The other side of the angle, called theterminal side, is then \rotated" until it reaches its terminal position. Such an angle is said to be in standardposition.A positive angle corresponds to a counterclockwise rotation, while a negative angle corresponds to a clockwiserotation. Generalizing the angle concept in this manner, we can consider angles of any size, positive ornegative, since the rotation of the terminal side can exceed a complete revolution (i.e. exceed 360�;) and ineither direction. In short, an angle in standard position may be considered with any desired real numbermeasure.Two angles in standard position in the same coordinate system are called coterminal angles if their terminalsides coincide. An angle in standard position with terminal side coinciding with a coordinate axis, is called aquadrantal angle.A central angle of a circle is an angle with a vertex that coincides with the center of the circle, and sidesthat correspond to radii of the circle. The arc formed by the intersection of these sides and the circle itself, issaid to subtend the angle, and the angle is said to be subtended by the arc.
Degree Measure
A central angle that is subtended by an arc equal in length to 1/360 of the circle's circumference, is said tohave a measure of one degree, denoted 1�: For a circle with circumference C units, central angle of � degreessubtended by an arc of s units, this relationship can be expressed as the proportion��360� = sC ;
�� in decimal degrees; s and C in same units.Thus if any two of �; s; or C are known, the third can be found with simple algebra.A degree is often further divided into minutes (1/60 degree) and seconds (1/60 minute,) or as decimaldegrees.A 90� angle is called a right angle. A 180� angle is called a straight angle. Angles less than 90� are saidto be acute, while angles greater than 90� but less than 180� are said to be obtuse.
Radian Measure
A central angle of a circle that is subtended by an arc equal in length to the circle's radius, is said to have ameasure of one radian, denoted 1 rad.It follows that the radian measure of a central angle � subtended by an arc of length s can be found bydetermining how many times the length of the radius r is contained in the arc length s: This suggests the
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formulas (s; r in the same units, � in radians:) � = srs = r�:
Note: If the units of an angle's measure are not speci�ed, in most contexts radians are the default.
Conversion FormulasSince the circumference of a circle is 2�r; the radian measure corresponding to 360� is easily found with thepreceding formula � = sr =) � = 2�rr =) � = 2�:Notice that the radius r cancels (and hence the units in which it is measured,) leaving the radian measure ofan angle as a \unitless" number.It follows that an angle with degree measure 180� corresponds to a radian measure of �: Thus, we have theproportion: ��180� = � rad� radfrom which follow the conversion formulas:radians = degrees� �180�

degrees = radians�180� � :

4.3.2 Trigonometric FunctionsCircular De�nitionsTrigonometric functions (also called circular functions) are de�ned using the unit circle, x2 + y2 = 1: Let� be a central angle, measured counterclockwise, subtended by the arc with initial point (1; 0) and endpoint(x; y): The sine of �; denoted sin �; is de�ned as the vertical component of the endpoint of the arc. The cosineof �; denoted cos �; is de�ned as the horizontal component. The coordinates (x; y) of any point on the unitcircle therefore correspond to (cos �; sin �):The ratio sin �= cos � is de�ned as the tangent of �; denoted tan �:The reciprocal of the sine of � is de�ned as the cosecant of �; denoted csc �: The reciprocal of the cosine of �is de�ned as the secant of �; denoted sec �: The reciprocal of the tangent of � is de�ned as the cotangent of �;denoted cot �:An obvious consequence of these \circular" de�nitions is the trigonometric functions are periodic with period2�: That is, func(2�n+ �) = func(�);where n is an integer and func is a trigonometric function. Additionally, The tangent and cotangent functionshave period �:
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The Sign of a Trigonometric Function
The sign of a trigonometric functional value of an angle � (not quadrantal) can be easily determined from thequadrant in which the terminal side of � lies, as summarized in the following table. The table considers onlyone revolution of the terminal side of � around the unit circle (i.e. from 0 to 2� radians.) The same applies tointeger multiples of 2� of these angles, since those will be coterminal with these.

� Quadrant sin � csc � cos � sec � tan � cot �
0 < � < �2 I positive positive positive positive positive positive
�2 < � < � II positive positive negative negative negative negative
� < � < 3�2 III negative negative negative negative positive positive
3�2 < � < 2� IV negative negative positive positive negative negative

4.3.3 Right Triangle Ratios
Consider an angle � between 0 and �=2 (0� and 90�) in standard position, and a perpendicular segmentextending from the terminal side of � to the x-axis. For now, we consider the perpendicular extending fromthe intersection of the terminal side of � and the unit circle, i.e. the perpendicular extends from (cos �; sin �)to the x-axis.Notice that the �gure formed by the terminal side of �; the perpendicular segment, and the x-axis, is a righttriangle. As a result of the circular de�nitions given previously, the vertical leg of this right triangle (whichis the side opposite �;) has length sin �: The horizontal leg (which is the side adjacent �;) has length cos �:The hypotenuse has length 1, since it corresponds to a radius of the unit circle. By the Pythagorean Theorem,we immediately see that sin2 x+ cos2 x = 1; which is a commonly used identity. More on identities later.Consider the ratios of sides of this triangle:

oppositehypotenuse = sin �1 = sin � hypotenuseopposite = 1sin � = csc �
adjacenthypotenuse = cos �1 = cos � hypotenuseadjacent = 1cos � = sec �
oppositeadjacent = sin �cos � = tan � adjacentopposite = cos �sin � = cot �



4.3 Trigonometry 46
Since similar triangles have corresponding sides that are in the same proportion, the values of these ratiosare equal for a given acute angle � regardless of the right triangle it appears in. In other words,sin � = opposite1 for this particular right triangle with hypotenuse 1, but in general sin � = oppositehypotenuse for anyright triangle, and likewise for the other ratios.So for 0 < � < �2 we de�ne the trigonometric ratios of a right triangle:

sin � = oppositehypotenuse csc � = hypotenuseopposite
cos � = adjacenthypotenuse sec � = hypotenuseadjacent
tan � = oppositeadjacent cot � = adjacentopposite

4.3.4 Reference Triangles, Reference Angles
Now we extend our \right triangle" de�nitions of the trig functions to have a domain of all real numbers, notjust numbers in the interval 0 < � < �=2:Consider again our right triangle in the �rst quadrant, with hypotenuse corresponding to the terminal side of� and adjacent side corresponding to the x-axis. There exists a similar triangle in QII, also with hypotenuse 1and sharing a side with the x-axis. There exists similar triangles in QIII and QIV also, all with hypotenuse 1,and all sharing a side with the x-axis.Because of the properties of similar triangles, each of these triangles has an acute angle � (always takenpositive) equal to our original �; and all six trigonometric ratios of any of these similar triangles are equal tothe corresponding ratios of our original triangle in QI. For that matter, the hypotenuse of these triangles neednot be 1 and the same holds true, again due to properties of similar triangles.With respect to an angle � in standard position, such a triangle is called a reference triangle (or relatedtriangle.) The angle � (always taken positive) between the terminal side of � and the x-axis, is called areference angle (or related angle.)For example, when � = 2�=3 (120 degrees), the reference angle is �=3 (60 degrees.)Since the hypotenuse of such a triangle corresponds to the terminal side of an angle in standard position, everyreal number angle has such a reference triangle and reference angle (except for quadrantal angles which will beconsidered later.) We may use any reference triangle to consider a trigonometric ratio of a given angle, just aswe do for the reference triangle in the �rst quadrant. When so doing, however, we have to assign the correctsign (plus or minus) to the ratio's value, as discussed previously, depending on which quadrant the terminalside of � lies in. To continue with our example, since 2�=3 has reference angle �=3; sin(2�=3) = sin(�=3); whilecos(2�=3) = � cos(�=3); since sine is positive in both QI and QII, while cosine is positive in QI but negativein QII.In closing our description of reference triangles, it is worth mentioning that although the hypotenuse of sucha triangle need not be 1, it is usually convenient to let the hypotenuse be 1 when considering a referencetriangle/angle, since this simpli�es matters.
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4.3.5 Special Angles, Exact Values
Generally speaking, the exact value of a trigonometric function of a given angle cannot be found easily, if atall. In many applications an approximation will su�ce, however, there are certain special angles such thatthe exact value of any trigonometric function can be easily found and expressed.
Quadrantal Angles
These angles have terminal side coinciding with a coordinate axis, thus a trigonometric functional value of suchan angle is determined by the coordinates of the point where the terminal side (axis) intersects the unit circle.Recall that, by de�nition, the point (x; y) on the unit circle corresponds to (cos � ; sin �):

� Point sin � csc � cos � sec � tan � cot �
0; or 0� (1 ; 0) 0 notde�ned 1 1 0 notde�ned
�2 ; or 90� (0 ; 1) 1 1 0 notde�ned notde�ned 0
�; or 180� (�1 ; 0) 0 notde�ned -1 -1 0 notde�ned
3�2 ; or 270� (0 ; �1) -1 -1 0 notde�ned notde�ned 0

Acute Angles in \Special" Right Triangles
Recall that in a 30� � 60� � 90� triangle, the length of the hypotenuse is twice that of the side opposite the 30degree angle, and the side adjacent to the 30 degree angle is p3 times the side opposite the 30 degree angle.In a 45� � 45� � 90� triangle, the two legs are of equal length, and the hypotenuse is p2 times that length.These relationships, when applied to the right triangle de�nitions of the trig functions, allow us to easily �ndand express the exact value of any trig function of such an angle.The following table summarizes these special values for the special angles in QI (i.e. between 0 and �=2 radians)so the same applies to integer multiples of 2� of these angles. For special angles in QII through QIV, simplydetermine the desired trig value of the reference angle, then assign the correct sign (plus or minus)according to the quadrant in which the terminal side lies.A consequence of these special angle relationships is, given one trigonometric functional value of such an angle,the other �ve are easily determined from the right triangle de�nitions and the Pythagorean Theorem.
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� sin � csc � cos � sec � tan � cot �

�6 ; or 30� 1/2 2 p3 = 2 (2p3) = 3 p3 = 3 p3
�4 ; or 45� (p2) = 2 p2 (p2) = 2 p2 1 1
�3 ; or 60� p3 = 2 (2p3) = 3 1/2 2 p3 p3 = 3

4.3.6 Inverse Trigonometric Functions
By restricting the domains of the trigonometric functions, inverse trigonometric functions are de�ned as:domain range

y = arcsinx () x = sin y [�1; 1] h��2 ; �2 iy = arccosx () x = cos y [�1; 1] [0; �]
y = arctanx () x = tan y (�1;1) ���2 ; �2�y = arccotx () x = cot y (�1;1)1 (0; �)1
y = arcsecx () x = sec y (�1;�1] [ [1;1)1 h0; �2� [ ��2 ; �i1
y = arccscx () x = csc y (�1;�1] [ [1;1)1 h��2 ; 0� [ �0; �2 i1

There is an alternative notation which uses what appears to be, but is not, an exponent of -1. For example,using this notation sin�1 = arcsin, not csc.1Other conventions for the domain and range exist.
4.3.7 Law Of Sines
For a triangle with angles �; �; 
 and respective opposite sides a; b; c :sin�a = sin�b = sin 
c
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4.3.8 Law Of Cosines
The Pythagorean Theorem for right triangles can be generalized to apply to oblique triangles as well. For atriangle with angles �; �; 
 and respective opposite sides a; b; c :a2 = b2 + c2 � 2bc cos�b2 = a2 + c2 � 2ac cos�c2 = a2 + b2 � 2ab cos 

4.3.9 Identities
Reciprocal Identities

sinx = 1cscx secx = 1cosx tanx = 1cotx
cscx = 1sinx cosx = 1secx cotx = 1tanx

Quotient Identities
tanx = sinxcosx cotx = cosxsinx

Pythagorean Identities
sin2 x+ cos2 x = 1 1 + tan2 x = sec2 x 1 + cot2 x = csc2 x

Cofunction Identities
sin��2 � x� = cosx cos��2 � x� = sinx
csc��2 � x� = secx tan��2 � x� = cotx
sec��2 � x� = cscx cot��2 � x� = tanx
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Identities For Negatives

sin(�x) = � sinx cos(�x) = cosxcsc(�x) = � cscx tan(�x) = � tanxsec(�x) = secx cot(�x) = � cotx
Sum and Di�erence Identities

sin(x� y) = sinx cos y � cosx sin ycos(x� y) = cosx cos y � sinx sin y
tan(x� y) = tanx� tan y1� tanx tan y

Double-Angle Identities

sin 2x = 2 sinx cosx cos 2x =
8><>:

cos2 x� sin2 x1� 2 sin2 x2 cos2 x� 1 tan 2x =
8>>>>>>>>><>>>>>>>>>:

2 tanx1� tan2 x2 cotxcot2 x� 12cotx� tanx
Half-Angle Identities

sin x2 = �r1� cosx2
cos x2 = �r1 + cosx2
tan x2 = 1� cosxsinx = sinx1 + cosx = �r1� cosx1 + cosx

9>>>>>>>>>=>>>>>>>>>;
Sign is determined by quadrant in which x2 lies.

sin2 x = 1� cos 2x2 cos2 x = 1 + cos 2x2 tan2 x = 1� cos 2x1 + cos 2x
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Product-To-Sum Identities

sinx cos y = 12� sin(x+ y) + sin(x� y)�
cosx sin y = 12� sin(x+ y)� sin(x� y)�
sinx sin y = 12� cos(x� y)� cos(x+ y)�
cosx cos y = 12� cos(x+ y) + cos(x� y)�

Sum-To-Product Identities
sinx+ sin y = 2 sin�x+ y2 � cos�x� y2 �
sinx� sin y = 2 cos�x+ y2 � sin�x� y2 �
cosx+ cos y = 2 cos�x+ y2 � cos�x� y2 �
cosx� cos y = �2 sin�x+ y2 � sin�x� y2 �

4.4 Calculus
4.4.1 Limits and Continuity
De�nition of a limit Let f be a function de�ned on an open interval containing c (except possibly at c)and let L be a real number. The statementlimx!c f(x) = L
means that for each � > 0 there exists a � > 0 such that if0 < jx� cj < �; then jf(x)� Lj < �:
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De�nition of an In�nite Limit Let f be a function de�ned on an open interval containing c (exceptpossibly at c.) The statement limx!c f(x) =1means that for each M > 0 there exists a � > 0 such thatf(x) > M whenever 0 < jx� cj < �:Similarly, the statement limx!c f(x) = �1means that for each N < 0 there exists a � > 0 such thatf(x) < N whenever 0 < jx� cj < �:To de�ne the in�nite limit from the left, replace 0 < jx� cj < � by c � � < x < c: To de�ne the in�nitelimit from the right, replace 0 < jx� cj < � by c < x < c+ �:
De�nition of Limits at In�nity Let L be a real number. The statementlimx!1 f(x) = Lmeans that for each � > 0 there exists an M > 0 such thatjf(x)� Lj < � whenever x > M:The statement limx!�1 f(x) = Lmeans that for each � > 0 there exists an N < 0 such thatjf(x)� Lj < � whenever x < N:
Properties Of Limits Let b and c be real numbers, let n be a positive integer, and let f and g be functionswith the following limits: limx!c f(x) = L and limx!c g(x) = K

Constant: limx!c b = b
Scalar multiple: limx!c [b f(x)] = bL
Sum or di�erence: limx!c [f(x)� g(x)] = L�K
Product: limx!c [f(x)g(x)] = LK
Quotient: limx!c f(x)g(x) = LK ; K 6= 0
Power: limx!c [f(x)]n = Ln
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Functions That Agree at All But One Point Let c be a real number and let f(x) = g(x) for all x 6= c inan open interval containing c. If limx!c g(x) exists, then limx!c f(x) also exists and is equal to limx!c g(x).
The Squeeze Theorem If h(x) � f(x) � g(x) for all x in an open interval containing c, except possibly atc, and if limx!c h(x) = L = limx!c g(x)then limx!c f(x) exists and is equal to L.
Two Special Trigonometric Limits

limx!0 sinxx = 1 limx!0 1� cosxx = 0
Continuity A function f is continuous at c if the following three conditions are met:f(c) is de�ned.limx!c f(x) exists.limx!c f(x) = f(c):
A function f is continuous on an open interval (a; b) if it is continuous at each point in the interval. Afunction f is continuous on a closed interval [a; b] if it is continuous on the open interval (a; b) andlimx!a+ f(x) = f(a) and limx!b� = f(b):

4.4.2 Di�erentiation
The Tangent Line
If f is de�ned on an open interval containing c, and if the limit

lim�x!0 �y�x = lim�x!0 f(c+�x)� f(c)�x = m
exists, then the line passing through (c ; f(c)) with slope m is the tangent line to the graph of f at the point(c ; f(c)):
The Derivative
The derivative of f at x; denoted f 0(x); is de�ned as

f 0(x) � lim�x!0 f(x+�x)� f(x)�x
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Notation for the Derivative

f 0(x) dydx y0 ddx [f(x)] Dx[y]
Extrema
Critical Number If f is de�ned at c and either f 0(c) = 0 or f 0(c) is unde�ned, then c is a critical numberof f:
Extreme Values� Assume f is de�ned on an open interval I containing c: If f(c) � f(x) for all x in I; then f(c) is theminimum of f on I: If f(c) � f(x) for all x in I; then f(c) is the maximum of f on I:� The minimum/maximum values are the extreme values, or extrema, of f on I:� Extreme Value Theorem: If f is continuous on [a; b]; then f has both a minimum and a maximumon [a; b]:� If f(c) is an extremum on an open interval containing c; then f(c) is a relative extremum.� Relative extrema occur only at critical numbers.� Extrema on a closed interval occur either at critical numbers or endpoints of the interval.
First Derivative Test Let f be a continuous function on an open interval I containing c; and further let cbe a critical number of f: If f is di�erentiable on I except possibly at c; then:� if the sign of f 0(x) changes from negative to positive at c; then f(c) is a relative minimum of f:� if the sign of f 0(x) changes from positive to negative at c; then f(c) is a relative maximum of f:
Second Derivative Test Let f be a twice di�erentiable function on an open interval containing c; andfurther let f 0(c) = 0:� If f 00(c) > 0; then f(c) is a relative minimum of f:� If f 00(c) < 0; then f(c) is a relative maximum of f:� If f 00(c) = 0; then the test is inconclusive (use the First Derivative Test.)
Concavity
Let f be a twice di�erentiable function on an open interval I:� If f 00(x) > 0 for all x in I; the graph of f is concave upward.� If f 00(x) < 0 for all x in I; the graph of f is concave downward.� If the sign of f 00(x) changes on either side of c; then the point (c ; f(c)) is called a point of in
ection.Furthermore, either f 00(c) = 0 or f 00(c) is unde�ned.
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Derivative of an Inverse Function
Let f be a function that is di�erentiable on an interval I: If f possesses an inverse function g, then g isdi�erentiable at any x for which f 0(g(x)) 6= 0: Moreover,

g0(x) = 1f 0(g(x)) ; f 0(g(x)) 6= 0:
Basic Di�erentiation Rules

ddx [cu] = cu0 ddx [u� v] = u0 � v0
ddx [uv] = uv0 + vu0 ddx huv i = vu0 � uv0v2ddx [c] = 0 ddx [un] = nun�1u0
ddx [x] = 1 ddx [juj] = ujuj (u0) ; u 6= 0
ddx [lnu] = u0u ddx [eu] = euu0
ddx [sinu] = (cosu)u0 ddx [cosu] = �(sinu)u0
ddx [tanu] = �sec2 u�u0 ddx [cotu] = ��csc2 u�u0
ddx [secu] = (secu tanu)u0 ddx [cscu] = �(cscu cotu)u0
ddx [arcsinu] = u0p1� u2 ddx [arccosu] = �u0p1� u2ddx �arccsc u2 � 1p1� u2 � = u0jujpu2 � 1 ddx [arccscu] = �u0juj pu2 � 1

Chain RuleIf y = f(u) is a di�erentiable function of u and u = g(x) is a di�erentiable function of x, then y = f(g(x)) is adi�erentiable function of x and dydx = dydu � dudxor equivalently, ddx [f(g(x))] = f 0(g(x)) g0(x):
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4.4.3 Integration
Inde�nite Integration
Antiderivatives A function F is an antiderivative of a function f on an interval I if F 0(x) = f(x) for allx in I:
The Inde�nite Integral The di�erential equationdydx = f(x)
may be rewritten as dy = f(x) dx:The operation of solving this equation is called antidi�erentiation or inde�nite integration. The generalsolution is denoted y = Z f(x) dx = F (x) + C:
De�nite Integration
Area Summation FormulasnX

i=1 kai = k nX
i=1 ai

nX
i=1(ai � bi) = nX

i=1 ai �
nX
i=1 binX

i=1 c = cn nX
i=1 i = n(n+ 1)2nX

i=1 i2 = n(n+ 1)(2n+ 1)6 nX
i=1 i3 = n2(n+ 1)24

Area of a Plane RegionIf f is continuous and nonnegative on the interval [a; b]; the area of the region bounded by the graph of f; thex-axis, and the vertical lines x = a and x = b is
Area � limn!1 nX

i=1 f(ci)�x; xi�1 � ci � xi
where �x = (b� a)=n:
Riemann Sums Let f be de�ned on [a; b] and let � be a partition of [a; b] given by a = x0 < x1 < x2 <� � � < xn�1 < xn = b; where �xi is the length of the ith subinterval. If ci is any point in the ith subinterval,then the sum nX

i=1 f(ci)�xi; xi�1 � ci � xi
is called a Riemann Sum of f for the partition �: The length of the largest subinterval of a partition � iscalled the norm of the partition, and is denoted k�k :
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The De�nite Integral If f is de�ned on [a; b] and the limit

limk�k!0 nX
i=1 f(ci)�xiexists, then f is integrable on [a; b] and the limit is called the de�nite integral of f from a to b; and isdenoted by limk�k!0 nX

i=1 f(ci)�xi =
Z b
a f(x) dx:

The De�nite Integral as the Area of a Region If f is continuous and nonnegative on [a; b]; then thearea of the region bounded by the graph of f; the x-axis, and the vertical lines x = a and x = b is given by
Area = Z b

a f(x) dx:
Area of a Region Between Two Curves If f and g are continuous on [a; b] and g(x) � f(x) for all x in[a; b]; then the area of the region bounded by the graphs of f and g and the vertical lines x = a and x = b is

Area = Z b
a [f(x)� g(x)] dx:

Average Value If f is integrable on [a; b]; then the average value of f on [a; b] is
1b� a Z b

a f(x) dx:
Volume of Solids of Revolution

� Disc method (R is the radius of a representative disc)
Horizontal axis of revolution V = � Z b

a [R(x)]2 dx
Vertical axis of revolution V = � Z d

c [R(y)]2 dy
� Washer method (R and r are the outer and inner radii, respectively, of a representative washer)

Horizontal axis of revolution V = � Z b
a ([R(x)]2 � [r(x)]2) dx

Vertical axis of revolution V = � Z d
c ([R(y)]2 � [r(y)]2) dy
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� Shell method (p is the radius and h is the height of a representative shell)

Horizontal axis of revolution V = 2� Z d
c p(y)h(y) dy

Vertical axis of revolution V = 2� Z b
a p(x)h(x) dx

Arc Length For a smooth curve given by y = f(x); the arc length of f between a and b is
s = Z b

a p1 + [f 0(x)]2 dx:
For a smooth curve given by x = g(y); the arc length of g between c and d is

s = Z d
c p1 + [g0(y)]2 dy:

Basic Integration Rules
Z k f(u) du = k Z f(u) du Z [f(u)� g(u)] du = Z f(u) du� Z g(u) du
Z du = u+ C Z un du = un+1n+ 1 + C; n 6= �1Z duu = ln juj+ C Z eu du = eu + CZ sinu du = � cosu+ C Z cosu du = sinu+ CZ tanu du = � ln jcosuj+ C Z cotu du = ln jsinuj+ CZ secu du = ln jsecu+ tanuj+ C Z cscu du = � ln jcscu+ cotuj+ CZ sec2 u du = tanu+ C Z csc2 u du = � cotu+ CZ secu tanu du = secu+ C Z cscu cotu du = � cscu+ CZ dupa2 � u2 = arcsin ua + C Z dua2 + u2 = 1a arctan ua + C
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4.4.4 Fundamental Theorem of Calculus

� First Fundamental Theorem of CalculusIf f is continuous on the interval [a; b] and F is an antiderivative of f on the interval [a; b]; thenZ b
a f(x) dx = F (b)� F (a)

� Second Fundamental Theorem of CalculusIf f is continuous on an open interval I containing a; then for every x in I;ddx �Z x
a f(t) dt� = f(x)
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